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Gravitational radiation reaction affects the dynamics of gravitationally bound bi-
nary systems. Here we focus on the leading “tail” term which modifies binary dy-
namics at fourth post-Newtonian order, as first computed by Blanchet and Damour.
We re-produce this result using effective field theory techniques in the framework
of the Lagrangian formalism suitably extended to include dissipation effects. We
recover the known logarithmic tail term, consistently with the recent interpretation
of the logarithmic tail term in the mass parameter as a renormalization group effect
of the Bondi mass of the system.
PACS numbers: 04.20.-q,04.25.Nx,04.30.Db
Keywords: classical general relativity, coalescing binaries, post-Newtonian expansion, radi-
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I. INTRODUCTION
The forces induced on a isolated system by reaction to the emission of gravitational waves
and their impact on the motion of gravitationally bound binary systems have been studied in
great accuracy since the first derivation of the radiation reaction force in General Relativity
by Burke and Thorne [1]. Their phenomenological impact is linked to the forthcoming
observation runs of the Laser Interferometer Gravitational Observer (LIGO) and Virgo, see
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2[2] for the result of the latest compact binary coalescence search, and have already been
observed to be at play in binary pulsar systems [3, 4].
The motion of coalescing binaries is imprinted in the shape of the emitted gravitational
waves and the output of gravitational detectors is particularly sensitive to the time varying
phase of the radiated wave, which has to be determined with high accuracy in order to ensure
high efficiency of the detection algorithms and faithful source parameter reconstruction.
The standard approach to describe the motion of coalescing binaries lies within the post-
Newtonian (PN) approximation to General Relativity, describing the binary system dynam-
ics as a perturbative series in terms of the relative velocity of the binary constituents, see
e.g. [5] for a review.
The leading effect of radiation reaction modifies the binary dynamics giving rise to a term
non-invariant under time reversal which affects the dynamics of the system at 2.5 PN order:
this is the lowest order at which linear effects of the gravitational radiation enter.
In [6, 7] the leading non-linear radiation reaction effect has been derived, see also [8], and
it is shown to modify the binary dynamics at 4PN order (i.e. at 1.5PN order relatively to
the leading effect): it belongs to the species of terms dubbed hereditary, as it depends on
the entire history of the source. In particular it originates from radiation emitted and then
scattered back into the system by the background curvature generated by the total mass
M of the binary system, hence the name of tail term. Such non-linear 4PN tail term is
in good agreement with computations performed within the framework of the gravitational
self-force analysis of circular orbits in Schwarzschild background, as found in [9, 10] and it
includes both a term non-invariant and a term invariant under time reversal; the latter can
be incorporated in the conservative dynamics of the binary system.
Here we present the re-computation of the 4PN tail contribution to the dynamics of
inspiraling binaries via the use of the Effective Field Theory (EFT) methods for gravity
introduced in [11]. EFT methods turn out to be useful in problems admitting a clear scale
separation: in the binary system case we have the size of the compact objects rs, the orbital
separation r at which the system consists of point particles interacting via instantaneous
potential, and the gravitational wave-length λ (with hierarchy rs < r ∼ rs/v2 < λ ∼ r/v,
being v the relative velocity between the two bodies) at which the binary system can be
described as a particle of negligible size endowed with multipoles.
Using this approach several different groups have re-produced results in the PN analysis
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Figure 1: Diagram describing the gravitational radiation reaction force at leading order (left) and
leading non-linear order (right). The thick line represents the massive binary system, the curly
line the the gravitons emitted and absorbed by the system, the dashed line the potential graviton
responsible for the Newtonian potential.
which have been previously computed in the standard approach both in the conservative
[12, 13] and in the dissipative [14, 15] sector, and EFT methods have also been applied within
the extreme mass ratio limit approach to binary coalescence [21]. Moreover new results on
the PN analysis have been made available by the use of the EFT method in both sectors
[16–20],
The leading orders in the radiation reaction effects has been re-produced via effective field
theory in [22, 23], extending the Lagrangian formalism to include time-asymmetric systems,
see [24] for a rigorous extension of Hamilton’s principle to generally dissipative systems.
II. RADIATION REACTION LOGARITHMS FROM TAIL TERM
In the following we use c = 1 units and the mostly plus signature convention. Contraction
of space indices are taken with the Kronecker delta. We work in generic d space dimensions
as we adopt dimensional regularization to handle divergences. It will be convenient to use the
d+1-dimensional Planck mass Λ ≡ (32piG)−1/2, being G the d+1-dimensional gravitational
constant.
Following the EFT framework for non relativistic General Relativity, after integrating out
the “potential” gravitons, one is left with an effective action at the orbital scale r, describing
radiation gravitons coupled to the multipole moments of the compact binary system. In this
4limit, by adopting the decomposition of the metric suggested in [25]
gµν = e
2φ/Λ
 −1 Aj/Λ
Ai/Λ e
−cdφ/Λ (δij + σij/Λ)− AiAj/Λ2
 , (1)
with cd ≡ 2 (d−1)(d−2) , the dynamics is described by an effective word-line Lagrangian coupled to
gravity, whose relevant terms for the present work are
Smult ⊃ −
∫
dτ
(
M +
Mφ
Λ
− 1
2
QijR
0
i0j
)
, (2)
where R0i0j denotes the appropriate component of the Riemann tensor, and M and Qij are,
respectively, the mass monopole and quadrupole moments of the system; dependence on the
time-like coordinate parametrizing the word-line is understood in all terms in Smult. The
bulk dynamics of the gravitational fields φ, A and σ is given by the standard Einstein-Hilbert
action plus gauge fixing, whose terms relevant for the present calculation are reported in the
appendix.
In order to perform the computation of the diagrams of fig. 1, boundary conditions
asymmetric in time have to be imposed, as no incoming radiation at past null infinity is
required. Technically this is implemented by adopting a generalization of the Hamilton’s
variational principle similar to the closed-time-path, or in-in formalism (first proposed in [26],
see [27] for a review) as described in [24], which requires a doubling of the fields variable.
For instance, for a free scalar field Ψ, the generating functional W for connected correlation
functions in the in-in formalism has the path integral representation
eiSeff [J1,J2] =
∫
DΨ1DΨ2 exp
{∫
dd+1x
[
− i
2
(∂Ψ1)
2 +
i
2
(∂Ψ2)
2 − iJ1Ψ2 + iJ2Ψ2
]}
. (3)
In this toy example the path integral can be performed exactly, and using the Keldysh
representation [28] defined by Ψ− ≡ Ψ1 −Ψ2, Ψ+ ≡ (Ψ1 + Ψ2)/2, one can write
Seff [J+, J−] = i
2
∫
d4x d4yJB(x)G
BC(x− y)JC(y) , (4)
where the B,C indices take values {+,−} and
GBC(t,x) =
 0 −iGA(t,x)
−iGR(t,x) 12GH(t,x)
 , (5)
5where G++ = 0 and GA,R,H are the usual advanced, retarded propagators and Hadamard
function respectively, see sec. A 1 for more detailed formulae. In our case, the expression of
the quadrupole in terms of the binary constituents world-lines xa, i.e.
Qij ≡
2∑
a=1
ma
(
xaixaj − δij
d
xakxak
)
, (6)
is doubled to
Q−ij =
2∑
a=1
ma (x−aix+aj + x+aix−aj)− 2
d
δijx+akx−ak
Q+ij =
2∑
a=1
max+aix+aj − 1
d
δijx
2
+a +O(x
2
−) .
(7)
The word-line equations of motion that properly include radiation reaction effects are given
by
0 =
δSeff [x1±,x2±]
δxa−
∣∣∣∣ xa−=0
xa+=xa
. (8)
At lowest order, by integrating out the radiation graviton, i.e. by computing the diagram
in the left of fig. 1, the Burke-Thorne potential [1] is obtained from the action
S
(Q2)
eff = −
GN
5
∫
dtQ−ij(t)Q
(5)
+ij(t) , (9)
where A(n)(t) ≡ dnA(t)/dtn, and GN the standard Newton’s constant, which has been
derived in the EFT framework in [22]. Corrections to the leading effect appears at relative
1PN order due to the inclusion of higher multipoles and the 1PN modified dynamics of the
quadrupole [23, 29]. The genuinely non-linear effect appear at relative 1.5PN order and it
is due to the rightmost diagram in fig. 1.
In order to compute the Seff we expand the metric as in eq. (1) and integrate out the
fluctuations φ,A, σ according to the in-in prescription, getting to an effective action
iSeff [M,Q±] =
∫
Dφ±Dσ±DA±eiS(φ±,σ±,A±,M,Q±) , (10)
for the multipole moments alone (we have denoted by S(φ±, σ±, A±,M,Q±) the action
including both the standard Einstein-Hilbert action (plus gauge-fixing) and the Smult from
eq. (2)). The diagram on the right of fig. 1, see sec. A 2 for computation details, gives the
6following logarithmic contribution to the effective action (by virtue of eq. (8) only terms
linear in Q− are kept)
S
(MQ2)
eff = −
4
5
G2NM
∫
dtQ−ij(t)
∫ t
−∞
dt′Q(6)+ij
1
(t− t′) (11)
which exhibits a short distance singularity for the gravitational wave being emitted and
absorbed at the same space-time point (with Green functions used in their d = 3 expression).
Actually the complete result of the tail diagram in fig. 1 in momentum space, dimensionally
regularized, reads
S
(MQ2)
eff = −
1
5
G2NM
∫ ∞
−∞
dk0
2pi
k60
(
1

− 41
30
+ ipi − log pi + γ + log(k20/µ2)
)
×
[Qij−(k0)Qij+(−k0) +Qij−(−k0)Qij+(k0)] ,
(12)
where we the 3 + 1-dimensional gravitational constant GN is related to the one in generic
space dimension d by G = 1/(32piΛ2) = GNµ
−. By performing the computation in d = 3+
the logarithmic divergence has been regularized and a spurious dependence on the arbitrary
subtraction scale µ has been introduced [32]. A local counter term Mct defined by
Mct = −2G
2
N
5
M
(
1

+ γ − log pi
)
Q−ijQ
(6)
+ij (13)
can be straightforwardly added to the world-line effective action to get rid of the divergence
appearing as  → 0. According to the standard renormalization procedure, one can define
a renormalized mass M (R)(t, µ) for the monopole term in the action (2), depending on time
(or frequency) and on the arbitrary scale µ in such a way that physical quantities (like the
energy or the radiation reaction force) will be µ-independent.
Note that at the order required in the diagram in fig.1, M (R)(t, µ) can be safely treated
as a constant M on both its arguments t and µ. Also the renormalization of the quadrupole
moment, which occurs at 3PN order with respect to its leading value, see [14], can be
neglected here.
From eq. (12), representing the contribution to the radiation reaction force of the tail
diagram, the multipole effective action relevant from the tail process can be derived to be:
Seff =
∫
dk0
2pi
{
M (R)(k0, µ)− iGN
5
k50Q−ij(−k0)Q+ij(k0)
−G
2
N
5
M k60
[
log(k20/µ
2)− 41
30
+ ipi
]
(Qij−(k0)Qij+(−k0) +Qij−(−k0)Qij+(k0))
}
,
(14)
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Figure 2: Series of diagram studied in [19] showing that the mass monopole undergoes a non-trivial
renormalization group flow.
.
where the renormalized monopole term appears: we will now determine its explicit µ
dependence, recovering the result found in [19], by requiring that the physical energy does
not depend on µ.
We start by deriving the contribution that the effective action (14) makes to the equations
of motion of the binary constituents, limiting to the logarithmic term
δx¨ai(t)|log = −
8
5
xaj(t)G
2
NM
∫ t
−∞
dt′Q(7)ij (t
′) log [(t− t′)µ] , (15)
which agrees with the result obtained in [7]. Note that the normalization of the time (i.e.
the value of µ) in the logarithm is arbitrary: changing the time normalization shifts the
action by a quantity proportional to xaj(t)G
2
NMQ
(6)
ij (t), see next section for a discussion of
such analytic, local term.
Following [9], we can separate the logarithm argument into a t-dependent and a t-
independent part via the trivial identity
log [(t− t′)µ] = log [(t− t′)/λ] + log (λµ) , (16)
for any λ. The logarithmic term not-involving time gives a conservative contribution to the
force in eq. (15) which gives a logarithmic shift δM to the mass of the binary system. The
mass-shift δM can be determined by observing that
d(δM (R))
dt
= −
∑
a
maδx¨aix˙ai (17)
8and thus the tail contribution tail contribution to the conservative part of the energy E is
[9]
E = M (R) +
∑
a
maδx¨aixai = M
(R) +
2G2NM
5
(
2Q
(5)
ij Q
(1)
ij − 2Q(4)ij Q(2)ij +Q(3)ij Q(3)ij
)
log(µλ) ,(18)
where the renormalized monopole term has also been included, as it gives a contribution of
the order GNMQ
2: actually by imposing that the physical energy E does not depend on µ
one can find the renormalization group flow equation
µ
d
dµ
M(t, µ) = −2G
2
NM
5
(
2Q
(5)
ij Q
(1)
ij − 2Q(4)ij Q(2)ij +Q(3)ij Q(3)ij
)
, (19)
which agrees with the result found in [19], where the monopole mass M (identified with the
Bondi mass of the binary system) is shown to undergo a non-trivial renormalization group
flow by analyzing the diagrams in fig. 2.
III. FINITE QUANTITY FROM TAIL TERMS
What about the finite part? The divergence encountered in the previous section comes
from the lack of UV-completeness of the effective model when treating the coalescing binary
as a fundamental system endowed with multipoles moments: the exact numerical result
is sensitive to the short distance physics and the EFT in terms of source multipoles does
not know about it. Such numerical quantity can be fixed by performing the radiation
reaction computation in the full theory of gravity coupled to individual (point-like) binary
constituents.
Within the traditional approach, the finite analytic term entering the radiation reaction
force was actually computed in [7], by relating the radiation reaction potential to the “anti-
symmetric” (i.e. non-time invariant) wave perturbation of the time-time component of
the metric generated by the quadrupole, which was in turn fixed to the ij component.
The gravitational wave in the Trasverse-Traceless gauge, including the tail effect, has been
computed in [7, 8] to be:
h
(TT )
ij = −Λij,kl
2GNM
r
∫
dk0
2pi
eik0(t−r)k20Q
(tail)
kl (k0) , (20)
with
Q
(tail)
kl ≡ Qkl
{
1 +GNMk0
[
−2i
(
1

+ log(k0/µ) +
γ
2
− 11
12
)
+ pisgn(k0)
]}
, (21)
9showing a long-scale (IR) divergence due to the gravitational wave emitted by the quadrupole
source and scattered off the by the long-ranged Newtonian potential. The IR singularity in
the phase of the emitted wave is un-physical as it can be absorbed in a re-definition of time
in eq. (20) by exponentiation the imaginary term in eq. (21). Moreover any experiment,
like LIGO and Virgo for instance, can only probe phase differences (e.g. the gravitational
wave phase difference between the instants when the wave enters and exits the experiment
sensitive band) and the un-physical dependencies on the regulator  and on the subtraction
scale µ drops out of any observable. Such result has been re-derived within EFT techniques
in [18] by computing the diagram in fig. 3.
Actually the diagram computed in the previous section is related to the one in fig. 3. In
order to recover the right diagram in fig. 1 from fig. 3, the gravitational wave emitted has
to be absorbed via another quadrupole insertion. In this process, the IR singularity of fig. 3
is turned into the UV one of fig. 1, which occurs when the time difference between emission
and absorption goes to zero.
In [7] the radiation reaction potential corrected for the tail term was computed by observ-
ing that the tail effect amounts at shifting the quadrupole as per eq. (21), and the radiation
reaction potential can then be inferred by evaluating the radiation-reaction Burke Thorne
term in eq. (9) on the “shifted” quadrupole moment given by eq. (21). Such procedure gives
the correct logarithmic term for the radiation reaction force, enabling to fix the finite term
analytic in k0.
The finite piece in the tail term radiation reaction force is responsible for a conservative
force at 4PN (as the leading radiation reaction acts at 2.5PN and the tail term is a 1.5PN
correction to it), so it must be added to the conservative dynamics coming from the cal-
culation of the effective action not involving gravitational radiation, see [20, 30] for partial
results at 4PN. In particular, the conservative part in the radiation reaction force affects
the (coordinate transformation invariant) energy of circular orbits E(x, ν), being x the PN
expansion parameter x ≡ (GMω)2/3 and ω the angular frequency of circular orbits. Such
energy function depends also on the symmetric mass ratio parameter ν ≡ m1m2/M2 and lin-
early on the total mass M , the tail effect gives a contribution proportional to ν2 to the 4PN
energy of circular orbit E4PN(x, ν) (the O(ν) contribution is known from the Schwarzschild
limit).
The complete ν2 term of E4PN(x, ν) have been computed in [31] within the context of
10
ijQ M
Figure 3: Diagram describing the gravitational radiation emitted by a quadrupole source and
scattered off the Newtonian potential before escaping to infinite.
the extreme mass ratio inspiral approximation (where ν is the expansion parameter and the
metric expanded around the curved background created by the more massive object forming
the binary system), with the result
E4PN(x, ν)|ν2 = −
1
2
ν2Mx5
(
e1 +
448
15
log(x)
)
, (22)
with e1 ' 153.8803 [31]. The logarithmic term matches the term derived from the PN
approximation, with traditional method as done in [9], and EFT methods: both via the
computation of the mass renormalization as done in [19] or via the computation of the
radiation reaction force as done here. Work is under-way to derive the full E4PN(x, ν) in a
PN context.
IV. CONCLUSION
The conservative dynamics of gravitationally bound binary systems is completely known
in literature up to the third post-Newtonian order, result being derived by both traditional
methods and within the context of effective field theory methods. At fourth post-Newtonian
order the conservative dynamics receives contribution from a process involving the emission
and absorption of radiation (a so-called radiation reaction process), giving rise to logarithmic
and analytic terms in the post-Newtonian expansion parameter. We have computed here the
logarithmic part of the radiation reaction potential, affecting both the dissipative and the
conservative dynamics, using effective field theory methods, and comparing the result with
11
related ones obtained with different methods within the post-Newtonian framework. The
fourth post-Newtonian order contribution to the conservative dynamics, at specific order in
the symmetric mass ratio, which includes the radiation reaction tail term, has been com-
puted in literature within the extreme mass ratio inspiral approximation and its logarithmic
part agrees with what has been computed within the framework of the post-Newtonian
approximation to General Relativity. Work is under-way within the post-Newtonian ap-
proximation to recover the full fourth order energy function, including all the terms analytic
in the post-Newtonian expansion parameter.
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Appendix A: Useful formulae
1. Green functions
The propagators needed to explicit the Wick contractions in the in-in formalism must
fulfill appropriate boundary conditions, corresponding to
iGA(t,x) = θ(−t) (∆+(t,x)−∆−(t,x)) = −iδ(t+ r)
4pir
,
−iGR(t,x) = θ(t) (∆+(t,x)−∆−(t,x)) = iδ(t− r)
4pir
,
GH(t− t′,x) = ∆+(t,x) + ∆−(t,x) ,
(A1)
the last equality in the first two lines of A1 holding for d = 3 only. ∆±(t,x) is given by
∆±(t,x) =
∫
ddk
(2pi)d
e±ikt
e−ik·x
2k
. (A2)
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2. The radiation reaction computation in coordinate space
In order to compute the diagram in fig. 1 the trilinear coupling of the gravitational field is
needed. Using the metric ansatz in eq. (1), and the doubling of degrees of freedom required
by the in-in formalism, the trilinear interactions from the Einstein-Hilbert Lagrangean are:
LE−H ⊃
[
−cd
2
σ˙+ijφ+σ˙−kl + cd
(
σ+ij∂kφ+A˙−l + σ−ij∂lφ+A˙+k
)
+
cd
2
(2σ+ij∂kφ+∂lφ− + σ−ij∂kφ+∂lφ+) + 2cd ∂iA+jφ+∂kA−l
]
(δikδjl + δilδjk − δijδkl)
−2cd (A+i∂iφ+∂tφ− + A−i∂iφ+∂tφ+)− 2c2d∂tφ+φ+∂tφ−
]
.
(A3)
In order to compute the amplitude one must Wick contract a quantity whose schematic
structure is
(Q−R+ +Q+R−)(t)(ΨB−ΨC+ + ΨC+ΨB−)(ti)(Q−R+ +Q+R−)(t′)φ+(ti)φ−(t′′) (A4)
which gives{
Q−(t)
[−iGR(t− ti)12GH(ti − t′) + 12DH(t− ti)(−iGA(ti − t′))
+
1
2
GH(t− ti)(−iGA(ti − t′))− iGR(t− ti)1
2
GH(ti − t′)
]
Q−(t′)
+Q−(t) [2(−iGR(t− ti))(−iGR(ti − t′))]Q+(t′)
+Q+(t) [2(−iGA(t− ti))(−iGA(ti − t′))]Q−(t′)
}
(−iGR(ti − t′′)) ,
(A5)
where tensor indices have been suppressed and we have assumed the field R to have non-
vanishing contraction with any of the fields ΨB,C . In our case we have to use the Riemann
tensor expanded to first order as
R0i0j =
1
2
σ¨ij − 1
2
A˙i,j − 1
2
A˙j,i − φ,ij − δij
d− 2 φ¨+O(h
2) , (A6)
13
where h denotes generically the field φ, A or σ. After taking the necessary Wick contractions
and keeping only the terms linear in Q− one obtains (in coordinate space, in d = 3):
iS
(MQ2)
eff =
1
2
(
i
2Λ
)2(−iM
Λ
)(
i4pi
Λ
)(
(−i)3
4(8pi)3
)∫
dt dt′ dti
∫
dr r2
dΩ
4pi
{ Q−ij(t)Q+kl(t′)×[
8 (δijδkl − δikδjl) ∂2t ∂tiδ(t− ti − r)∂ti∂2t′δ(ti − t′ − r)
1
r3
+32δjl
(
∂i
1
r
)
1
r
[
∂2t δ(t− ti − r)∂ti∂t′∂k
(
δ(ti − t′ − r)
r
)]
−8
(
∂i
1
r
)
1
r
∂2t δ(t− ti − r)∂j
(
∂k∂l + δkl∂
2
t′
)(δ(ti − t′ − r)
r
)
+16
1
r
∂t∂i∂a
(
δ(t− ti − r)
r
)
∂t′∂k∂b
(
δ(ti − t′ − r)
r
)
(δajδbl − δalδbj + δabδjl)
+8
(
∂i
1
r
)
∂t∂j
(
δ(t− ti − r)
r
)
∂ti
(
∂k∂l + δkl∂
2
t′
)(δ(ti − t′ − r)
r
)
−4
r
∂ti
(
∂i∂j + δij∂
2
t
)(δ(t− ti − r)
r
)
∂ti
(
∂k∂l + δkl∂
2
t′
)(δ(ti − t′ − r)
r
)]}
.
(A7)
which give the following contributions from respectively the σ2φ, A2φ, and φ3 vertices,
which are the only ones contributing to the logarithmic divergence (u ≡ t− t′ − 2r):
iS
(MQ2)
eff = −i
G2NM
4
∫ ∞
−∞
dt
∫ ∞
−∞
dt′Q−ij(t)Q+kl(t′)
∫ ∞
0
dr
1
r2
×{
8
[
rδ(6)(u) (δikδjl − δijδkl)
]
−16
3
[
rδ(6)(u)δikδjl +
(
δikδjl − 1
3
δijδkl
)
×(
6δ(5)(u) + 15
δ(4)(u)
r
+ 18
δ(3)(u)
r2
+ 9
δ(2)(u)
r3
)]
+
8
15
[
rδ(6)(u) (δikδjl + 13δijδkl)
+
(
δikδjl − 1
3
δijδkl
)(
6
δ(5)(u)
r
+ 15
δ(4)(u)
r2
+ 18
δ(3)(u)
r3
+ 9
δ(2)(u)
r4
)]}
.
(A8)
In order to obtain the final result we have to repeatedly perform integration by parts, using∫ t
−∞
dt′
Q(t′)
(t− t′)a =
1
a− 1
Q(t′)
(t− t′)a−1
∣∣∣∣t′=t
t′=−∞
− 1
a− 1
∫ t
−∞
dt′
dQ(t′)
dt′
1
(t− t′)a−1 (A9)
and we imposed
1
a− 1
Q(t′)
(t− t′)a−1
∣∣∣∣t′=t
t′=−∞
= 0 (A10)
14
for any a 6= 1, so discarding all but the logarithmic divergence, to finally obtain
iS
(MQ2)
eff = −iG2NM
2
5
(
δikδjl + δilδjk − 2
3
δijδkl
)∫ ∞
−∞
dtQ−ij(t)
∫ t
−∞
dt′Q(6)+kl(t
′)
1
(t− t′) ,(A11)
showing that the divergence is a short distance one, coming from the integration region in
which the (time) distance between the two quadrupole insertions goes to zero.
3. The radiation reaction computation in momentum space
An analog computation can be performed in the Fourier space leading to
iS4PNeff = −i
M
16Λ4
∫
dk0
2pi
(Q−ij(k0)Q+kl(−k0) +Q+ij(−k0)Q−kl(k0))∫
d3k
(2pi)d
d3q
(2pi)d
1
k2 − (k0 − ia)2
1
(k + q)2 − (k0 − ia)2
1
q2{
−1
8
k60
(
δikδjl + δilδjk − 2
d− 2δijδkl
)
+
1
2
k40 (qiqkδjl)
+
1
2cd
k20
(
−k
2
0qiqj
d− 2 δkl − qiqjkkkl − 2kiqjkkql − 3qiqjqkkl − qiqjqkql
)
1
2
k20
[
kikjqkql − qikjkkql + δik
(
kjklk
2 + kjql(kq) + k
2kjql + kqkjkl
)]
+
1
2cd
k20
(
2qikjqkkl − kikjqkql + qikjqkql − k20δkl
qiqj
d− 2
)
− 1
2cd
k20 [kikjkkkl + kikjqkql + 2kikjkkql+
k20
d− 2
(
δijkkkl + δklkikj + δijqkql + 2δijkkql +
k20
d− 2δijδkl
)]}
.
(A12)
where we used the representation of the retarded(advanced) propagator
GR(A) = lim
a→0+
∫
dk0
2pi
ddk
(2pi)d
ei(k0t−kx)
1
k2 − (k0 ∓ ia)2 . (A13)
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Defining
∫
q
∫
k
≡ ∫ ddq
(2pi)d
ddk
(2pi)d
and D ≡ [((k + q)2 − (k0 − ia)2) (k2 − (k0 − ia)2) q2]−1, all the
integrals in eq. (A12) can be evaluated∫
q
∫
k
D = 2
Γ2(2− d/2)
(4pi)d
(−1)d−2
(d− 2)(d− 3)
[
(k0 − ia)2
]d−3
∫
q
∫
k
kikjqkqlD =
(−1)d−2 [(k0 − ia)2]d−1
(4pi)d
Γ2(1− d/2)
2d(d− 1)
[
2d
d− 2δijδkl +
d− 2
d+ 2
(δikδjl + δilδjk)
]
∫
q
∫
k
kikjkkklD =
(−1)d−2 [(k0 − ia)2]d−1 Γ2(2− d/2)
2(d− 3)(d− 2)2(d− 1)(4pi)d
(
1 + 2
d− 4
d
+
(d− 4)(d− 6)
d(d+ 2)
)
(δijδkl + δikδjl + δilδjk)∫
q
∫
k
kikjkkqlD =
(−1)d−2[(k0 − ia)2]d−1
(4pi)d
Γ(2− d/2)Γ(1− d/2)
2d(d− 1)(d− 2)
(
1 +
d− 4
d+ 2
)
(δijδkl + δikδjl + δilδjk)∫
q
∫
k
kikjD =
δij
(4pi)d
(−1)d [(k0 − ia)2]d−2
(d− 2)2(d− 3) Γ
2(2− d/2)
[
1 +
d− 4
d
]
∫
q
∫
k
qiqjD =
δij
d(4pi)d
Γ2(1− d/2)(−1)d−2 [(k0 − ia)2]d−2∫
q
∫
k
kiqjD =
δij
2d(4pi)d
(−1)d−3 [(k0 − ia)2]d−2 Γ2(1− d/2)∫
q
∫
k
qiqjqkqlD =
(−1)d−2 [(k0 − ia)2]d−1
(4pi)d
Γ2(−d/2) d
2(d+ 2)
(δijδkl + δikδjl + δilδjk)∫
q
∫
k
qiqjqkklD = (−1)d−2 (k0 − ia)
2(d−1)
2(4pi)d(d+ 2)
Γ(1− d/2)Γ(−d/2) (δijδkl + δikδjl + δilδjk)
(A14)
to obtain finally the result in eq. (12).
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